Abstract. In this paper, we investigate a problem on embedding paths into recursive circulant G(2 m , 4) with faulty elements (vertices and/or edges) and show that each pair of vertices in recursive circulant G(2 m , 4), m ≥ 3, are joined by a fault-free path of every length from m + 1 to |V (G(2 m , 4)\F )| − 1 inclusive for any fault set F with |F | ≤ m − 3. The bound m−3 on the number of acceptable faulty elements is the maximum possible. Moreover, recursive circulant G(2 m , 4) has a fault-free cycle of every length from four to |V (G(2 m , 4)\F )| inclusive excluding five passing through an arbitrary fault-free edge for any fault set F with |F | ≤ m − 3.
Introduction
Linear arrays and rings are two of the most important computational structures in interconnection networks. So, embedding of linear arrays and rings into a faulty interconnection network is one of the important issues in parallel processing [5, 11, 19, [21] [22] [23] [24] . An interconnection network is often modelled as a graph, in which vertices and edges correspond to nodes and communication links, respectively. Thus, the embedding problem can be modelled as finding fault-free paths and cycles in the graph with some faulty vertices and/or edges.
In the embedding problem, if the longest path or cycle is required the problem is closely related to well-known hamiltonian problems in graph theory. A graph G is called f -fault hamiltonian (resp. f -fault hamiltonian-connected) if there exists a hamiltonian cycle (resp. if each pair of vertices are joined by a hamiltonian path) in G\F for any set F of faulty elements with |F | ≤ f . On the other hand, if the paths joining each pair of vertices of every length shorter than or equal to a hamiltonian path are required the problem is concerned with panconnectivity of the graph. If the cycles of arbitrary size (up to a hamiltonian cycle) are required the problem is concerned with pancyclicity of the graph. Panconnectivity of some interconnection networks without faulty elements was reported in the literature. A graph G is said to be panconnected (resp. almost panconnected) if each pair of vertices s and t in G are joined by an s-t path of every length from d(s, t) to V (G) − 1 (resp. from d(s, t) + 2 to V (G) − 1) inclusive. Here, d(s, t) denotes the distance between s and t. Recursive circulant G(2 m , 2) [16] , alternating group graphs [5] , and augmented cubes [13] are panconnected, and recursive circulant G(2 m , 4) [16] , locally twisted cubes [14] , and twisted cubes [7] are almost panconnected. Recently, fault-panconnectivity of a family of hypercube-like interconnection networks called restricted HL-graphs was investigated in [20] . It was shown that every m-dimensional restricted HLgraph, m ≥ 3, is m − 3-fault 2m − 3-panconnected. The family includes many interconnection networks proposed in the literature such as twisted cubes, crossed cubes, multiply twisted cubes, Möbius cubes, Mcubes, and generalized twisted cubes.
Edge-pancyclicity of some fault-free interconnection networks such as recursive circulants, crossed cubes, twisted cubes was studied in [1] , [9] , and [8] . A graph G is called f -fault l-edge-pancyclic if for any fault set F with |F | ≤ f , there exists a cycle of every length from l to |V (G\F )| inclusive that passes through an arbitrary fault-free edge. An f -fault l-panconnected graph is obviously f -fault l + 1-edge-pancyclic. In the presence of faulty elements, fault-panconnectivity result in [20] implies that every m-dimensional restricted HL-graph, m ≥ 3, is m − 3-fault 2m − 2-edge-pancyclic.
Pancyclicity and fault-pancyclicity of various interconnection networks were investigated. A graph G is called f -fault pancyclic (resp. f -fault almost pancyclic) if G\F contains a cycle of every length from three to |V (G\F )| inclusive (resp. four to |V (G\F )| inclusive) for any fault set F with |F | ≤ f . The works on fault-pancyclicity can be summarized as that many interconnection networks of degree δ are δ − 2-fault pancyclic or δ − 2-fault almost pancyclic depending on the existence of length three cycles in the network; for example, augmented cubes [13] , recursive circulants [2, 17] , Möbius cubes [11] , crossed cubes [23] , twisted cubes [24] , and restricted HL-graphs [20] .
Recursive circulant is an interconnection network proposed in [18] .
) is a circulant graph with N vertices and jumps of powers of Figure 1 .
In this work, our attention is restricted to G(N, d) with N = 2 m and d = 4. G(2 m , 4), whose degree is m, compares favorably to the hypercube Q m . While retaining attractive properties of hypercube Q m such as node-symmetry, recursive structure, the maximum connectivity, etc., it achieves noticeable improvements in diameter [18] and possesses a complete binary tree with 2 m − 1 vertices as a subgraph [12] . Recursive circulant has a cycle-based construction, and thus it is expected to have nice properties concerned with cycles. G(N, d) with degree three or higher is hamiltonian-connected [6] . G (N, d) with N = cd m and 1 ≤ c < d is hamiltonian decomposable [3, 10, 15] , that is, the set of edges can be partitioned into edge-disjoint hamiltonian cycles (and a 1-factor when the degree is odd). In [10] , edge forwarding index and bisection width of recursive circulants were also analyzed. In this paper, we investigate panconnectivity and edge-pancyclicity of recursive circulant G(2 m , 4) with faulty elements. It will be shown that G(2 m , 4), m ≥ 3, is m − 3-fault m + 1-panconnected and m − 3-fault nearly edge-pancyclic. The bound m − 3 on the number of acceptable faulty elements for G(2 m , 4) to be l-panconnected for any fixed l (less than the number of fault-free vertices) is the maximum possible in a sense that no graph of degree m is m − 2-fault l-panconnected as well as hamiltonian-connected.
In the rest of this paper, we will use standard terminology in graphs (see ref. [4] ). This paper is organized as follows. In the next section, we will present some basic properties of recursive circulant G(2 m , 4). Panconnectivity and edgepancyclicity of faulty recursive circulant G(2 m , 4) will be proved in Section 3 and 4, respectively. Finally in Section 5, concluding remarks of this paper will be given. 
Every Cayley graph over a general group is vertex symmetric, and thus regular. Recursive circulant G(N, d) has a recursive structure when N = cd m , 1 ≤ c < d [18] . In other words, G(cd m , d) can be defined recursively by utilizing the following property. Figure 2 . Note that recursive circulant G(2 m , 4) has a recursive structure when m ≥ 2. In the recursive structure,
m , without saying in which G i the vertex is contained. Hereafter in this paper, we denote by 
. G (8, 4) G (8, 4) G (8, 4) G (8, 4) Fig . 2 . Recursive structure of G(32, 4).
Lemma 3 (Fault-Hamiltonicity). [22, 19] 
Lemma 3(a) implies that G(2 m , 4), m ≥ 3, with at most m−1 faulty elements has a hamiltonian path joining some pair of fault-free vertices.
Panconnectivity of Faulty
In this section, we will show that G(2 m , 4), m ≥ 3, is m − 3-fault m + 1-panconnected. Throughout this paper, a path in a graph is represented as a sequence of vertices. A path joining a pair of vertices s and t is called an s-t path.
Panconnectivity of fault-free recursive circulants G(2 m , 2 k ) was investigated in [16] . It was shown that between any pair of vertices s and t, there exits a path of every length d(s, t) + ∆ or longer for some ∆. One of the results is given in the following, which will be utilized for our purpose. 
Proof. We prove ( 
Letting P be a shortest v (16, 4) \v f is by a case analysis and omitted here. Suppose there exists a faulty edge (x, y). If {x, y} = {s, t}, letting (x, y) be a virtual fault-free edge, Lemma 5(a) is applied. Otherwise, letting x / ∈ {s, t} be a virtual faulty vertex, an s-t path of every length up to 14 is constructed. An s-t hamiltonian path of length 15 also exists due to Lemma 3(a). 2 -fault m-panconnected and so on.
Proof. By Lemma 6, the theorem holds for m = 3, 4. Hereafter, we assume m ≥ 5. Observe that 
To prove the claim, let x and y be vertices in G 0 first. There exists an x-y path
To construct a longer path P 1 that passes through vertices in G 1 as well as vertices in G 0 , let P be an x-y path in G 0 of every length l , 2m Note that for each of G 1 ⊕ G 2 , G 2 ⊕ G 3 , and G 3 ⊕ G 0 , we can establish the same statement as Claim 1 since we do not use the assumption of f 0 ≥ f 1 , f 2 , f 3 in the proof. From now on, we will construct an s-t path of every length l,
We assume w.l.o.g. t is contained in G 0 ⊕G 1 . By Claim 1, there exists an s-t path
There is an edge (x, y) on P such thatx, (x,x),ȳ, and (y,ȳ) are fault-free, wherex and y are the vertices in G 2 ⊕ G 3 adjacent to x and y, respectively. Letting P be an
, an s-t path P 1 can be obtained from merging P and P with edges (x,x) and (y,ȳ). The length l 1 of P 1 is any integer in the range 3m Now we will construct an s-t path P 0 of every
Then, in the following claim, we can obtain a stronger result than that
To prove the claim, it suffices to show that 
We are to construct a longer path P 1 that passes through vertices in G 0 , G 1 , and G 2 . There exists a fault-free vertex v 
+ 1 for any m ≥ 5. Finally, it remains to construct a path P 2 longer than P 1 . P 2 is constructed from
Then, the length l 2 of P 2 is any integer in the rance 2m Let us consider panconnectivity of G 1 , G 1 ⊕ G 2 ,  G 2 ⊕ G 3 , and G 1 ⊕ G 2 ⊕ G 3 To prove the claim, between any pair of vertices x and y, an x-y path of every length m − k + 1 or more will be constructed. First, we consider the case that x and y are contained in 
, an x-y path of every length m − k + 1 or more is constructed. Thus, proof of the claim is completed.
The exceptional case of Claim 5 is considered later in Lemma 8. It will be proved that G(2 5 , 4)\F with |F | = f 0 = 1 is 5-panconnected. We also exclude the exceptional case in our discussion. Now, we will construct an s-t path of every length m − k + 1 or more. An s-t path of every length between m − k + 1 and 3 · 2 m−2 − 2 is constructed in Subcases 2.1 through 2.4, and a path of every length 3 · 2 m−2 − 1 or more is constructed in Subcases 2.5 through 2.7. Subcase 2.1: both s and t are contained in 
When j = 0, an s-t path P 0 passing through vertices in G 3 can be constructed symmetrically. When j = 0, letting P be a v 
Subcase 2.4: both s and t are contained in
G 1 ⊕ G 2 ⊕ G 3 . By Claim 5, we have an s-t path P 0 in G 1 ⊕G 2 ⊕G 3 of every length l 0 , m−k+1 ≤ l 0 ≤ 3 · 2 m−2 − f 1 v − f 2 v − f 3 v − 1.
Subcase 2.5: both s and t are contained in
, then there exists an s-t hamiltonian path P in G 0 ⊕ G 1 by Lemma 3(b). Let (x, y) be an edge on P such thatx, (x,x), y, and (y,ȳ) are fault-free, so that P = (s, Q 1 , x, y, Q 2 , t). Letting P be an x-ȳ path in G 2 ⊕ G 3 of every length m − k + 1 or more, we have an s-t path P 2 = (s, Q 1 , x, P , y, Q 2 , t) of every length l 2 , 2 , z l−1 , . . . , z 1 ) for Q 2 = (z 1 , z 2 , . . . , z l ) . Obviously,
we let x be a vertex in G 0 ⊕ G 1 such that x = s,x = t, and all of x,x, (x,x) are fault-free. Then, letting P be an s-x hamiltonian path in G 0 ⊕ G 1 and P be anx-t path in G 2 ⊕ G 3 of every length m − k + 1 or more, we have an s-t path P 2 = (P , P ) of every length l 2 , 2 
where P is a v Proof. We can see that G(8, 4) × K 2 is 1-fault 5-panconnected since G(8, 4) × K 2 is a 4-dimensional restricted HL-graph and every 4-dimensional restricted HLgraph was shown to be 1-fault 5-panconnected in [20] . Due to vertex symmetry, we assume f 1 = 0 (either f 2 = 1 or f 3 = 1). When s and t are contained in G 0 ⊕ G 1 , there exists an s-t path P 0 of every length l 0 , 5
For some edge (x, y) on P 0 such that the verticesx andȳ in G 2 ⊕ G 3 adjacent to x and y, respectively, are fault-free, letting P be anx-ȳ path in G 2 ⊕ G 3 of every length l ≥ 5, we can obtain an s-t path P 1 from merging P 0 and P . The length l 1 of P 1 is any integer in the range 11
we first construct an s-t path of every length seven or more. There exists an edge (x,x) joining a vertex x in G 0 ⊕G 1 and a vertexx in G 2 ⊕G 3 such that (i)x is adjacent to t, (ii) x = s, and (iii) path (t,x, x) is fault-free. Letting P be an s-x path in G 0 ⊕G 1 of every length l ≥ 5, we have an s-t path P 0 = (P ,x, t) of every length
Replacing the edge (x, t) on P 0 with anx-t path P in G 2 ⊕ G 3 of every length l ≥ 5 results in an s-t path P 1 = (P , P ) of every length l 1 , 11 ≤ l 1 ≤ 2 5 − f v − 1. It remains to construct an s-t path of length six.
If the vertext in G 0 ⊕ G 1 adjacent to t is fault-free and different from s, then the above construction witht = x and t =x will be sufficient. Symmetrically, if s = t ands is fault-free, we are done. Thus, we assume that s is adjacent to t, or boths andt are the faulty elements. For the subcase that s is adjacent to t, let s = v 
